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ON A ZETA FUNCTION OF A DG-CATEGORY 
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Abstract. We define a zeta-function of a pretriangulated dg-category and 
investigate its relationship with the motivic zeta function in the geometric 
case. 

For a variety X/k Kapranov’s motivic zeta-function takes values in the 
Grothendieck ring K 0 (Var/k) of varieties over k and is defined as 

(1) Z mat {X,t) = Y\ Sym n (X)\t n . 

n>0 

By construction it satisfies 

(2) ^mot (X,t) — Z mat (Z,t) ■ Z mot (U,t) 
for any closed Z C X with open complement U C X. 

In this short note we introduce another zeta-function, a zeta-function of 
a pre-triangluated dg-category and propose a relation between the two zeta- 
functions. Everywhere in this paper k is a held of characteristic zero. Some of 
the technical proofs are omitted, details will be given elsewhere. 

We denote by the Grothendieck ring K 0 (dg — cat/k ) the free abelian group 
generated by quasi-equivalence classes of pretriangulated dg-categories C mod¬ 
ulo relations 

[C] = [A] + [B] 

for semi-orthogonal decompositions C = {A, 13). See [BLL04, Section 5] for 
details and the definition of the product on this ring. Furthermore, symmetric 
power operations defined by Ganter-Kapranov [GK14] give rise to A-operations 
on K 0 (dg — cat/k). 

This allows us to define the categorical zeta-function as 

Zcat(C,t) = J}Sym"(C)]t n e K 0 (dg - cat/k)[[t}}. 

n> 0 

By construction Z cat is multiplicative for semi-orthogonal decompositions: 

(3) Z mot ({A, 13), t) = Zcat(A,t) ' Z cat (B,t)- 

Recall that there exists a motivic measure 

/i dg : K 0 (Var/k) -A K 0 (dg - cat/k) 

constructed in [BLL04, Section 8.2] by sending a class of a smooth projective 
variety X/k to the dg-enhancement I(X) of the derived category of coherent 
sheaves on X. 
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The motivic measure pd g is a ring homomorphism, but it is not a A-ring 
homomorphism. To illustrate the issue, consider the case of a point X = 
Spec(fc). Then the motivic zeta-function of X is 

Z mot (Spec(k),t) = 

whereas the categorical zeta-function of C = /id 9 (Spec(/c)) = I(Vect/k) counts 
irreducible representations of symmetric groups (recall that char(k ) = 0), i.e. 
is the partition function 

(4) Z cat (yect/k, t) = Y~[k- 

k> 1 

Similar relation holds in higher generality: 

Theorem 1. Let X be a smooth projective variety. Assume that either dim(X) < 
2 or that the class of X in the Grothendieck ring of varieties is a polynomial 
in [A 1 ]. Then there is a following relation between the zeta-functions: 

(5) ■*2 mot {Rdg(X),t) | hdgi^mot t )). 

k> 1 

Proof. The case of a point X = Spec (k) is (4). Since 

hd 9 [ A fc ] = /WA 1 ]^ = 1 

the case of [A"] being a polynomial in [A 1 ] follows. 

The case of a curve follows from the work of Polishchuk and van den Bergh 
[PvdB15, Theorem 6.3.1]. Finally the surface case is a combination of results 
of Gottsche [G01], McKay correspondence of Bridgeland-King-Reid [BKR99] 
and Haiman [HOI]. □ 

Remark 2. Since Z cat (X x P n , t) = Z cat (X,t) n+1 , if the corresponding expan¬ 
sion (5) is known for all smooth projective varieties of dimension d, then it 
holds for all dimensions d! < d at least in K 0 (dg — cat/k)[jj\. 

This way results of Gottsche [G01], McKay correspondence of Bridgeland- 
King-Reid [BKR99] and Haiman [HOI] which are used to prove (5) for surfaces 
imply a (very) weak version of [PvdB15, Theorem 6.3.1]: 

[U„(C")| = £[/(C<“>)] 6 K 0 (dg - cat/k)\t] 

a 

where C is a smooth projective curve, the summation goes over partitions a of 
n and C^ = C x ... Cfor a = (1 Q1 ,..., n an ). 

Remark 3. The transformation 

/ W ~n/<***) 

k> 1 

of power series with constant term 1 is invertible. Its inverse is given by 

d(t ) ^ n g(X, t k y {k) 

k> 1 
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where /i{k) is the Mobius function. This fact follows easily from the Mobius 
inversion formula. 
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